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Abstract 
We shall provide conditions on non-positive function f(t,  uj .... ,u,-1) so that the boundary value problem 
(BVP) I 
(E) u(")(t) + f(t,u(t),u'(t) ..... u(n-2)(t)) = 0 
(BC) 
for t E (0, 1) and n ~>2, 
{ u(O(O)=O, O<~i<~n- 3, ~u~-2~(0) - f lu~"-~(O) = O, 
?u("-2)(1) + 6u ~n l)(1) = 0, 
has at least one positive solution. Then, we shall apply this result o establish several existence theorems which guarantee 
the multiple positive solutions. © 1998 Elsevier Science B.V. All rights reserved. 
Keywords." Non-positive higher-order boundary value problem; Positive solution; Operator equation; Cone; Fixed point 
AMS classification: primary 34B15 
1. Introduction 
In this paper, we shall consider the existence of positive solutions for the following non-positive 
nth-order boundary value problem: 
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(BVP) 
(E) 
(BC) 
u(")(t) + f(t, u(t), u'(t),..., u(n-2)(t)) = 0 
u(i)(0)=0, O<~i<<.n-- 3, 
~u~"-2)(0) - fiu~"-~(O) = O, 
7u(n-2)(1) q- 6u<"-~)(1) = 0. 
fortE(0,1) andn~>2, 
The motivation for the present work stems from many recent investigations in [1-8, 12, 14, 
20, 26, 27]. In fact, particular cases of the boundary value problem (BVP) occur in various physical 
phenomena [1, 9-11, 13, 15-18, 21, 22, 24], specially such as gas diffusion through porous media [9], 
thermal self-ignition of a chemically active mixture of gases in a vessel [13], catalysis theory [15], 
chemically reacting systems, as well as adiabatic tubular eactor processes. For other related works, 
we refer to recent contributions of Agarwal and O'Regan [2, 3], Agarwal and Wong [4-6], Anuradha 
et al. [8], Chyan and Henderson [14], Henderson [23], Wong [28], Wong and Agarwal [29-32] and 
the references therein. 
2. Main results 
Let a,7>0, fl,6>>-O and p = 7fl + c¢7 + ~6>0. In order to abbreviate our discussion, throughout 
this paper, we suppose that the following assumptions hold: 
(C~) K(t,s) is the Green's function of the differential equation -u(")(t)= 0, t E (0, 1) subject o the 
boundary conditions (BC); 
(C2) k(t,s) is the Green's function of the differential equation -u" ( t )= 0, t E (0, 1) subject o the 
boundary conditions 
{ ~u(0) -/~u'(0) = 0, 
(BC*) 7u(1) + ~u'(1) = 0; 
{ 7+46 a+4f l  
(C3) 0<m=min  4(7+6) ,4 (a+f i ) j< l ;  
(C4) fEC([0,1]  x [0, cxD)"-1;(-cx~,cx~)). 
Thus, f can assume negative values. 
To prove our main result (Theorem 2.1), we shall need the following: 
Lemma 2.A (Agarwal and Wong [4]). For the Green's function k(t,s) the following hold: 
k(t,s) 
(R,) k(s,s) - -~<1 for tE[0,1] and sE[0,1], 
k(t's)>~M fortE[¼, 3] and sE[0,1]. 
(R2) k(s,s) 
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Note. It is clear that /' a._ ~ ~ (/3 + ~s){6 + ~(1 - t)), 
~t,_~K(t,s)  = k(t ,s)  = 1 
~ (~ + ~t){~ + ~(1 s)}, 
O<.s<.t<.l, 
O<.t<.s<.l. 
Lemma 2.B (Wong and Agarwal [29]). Let 
B~ {u ~ c(n-2)[0, 1]: u~°(0) = 0, O<~i<~n - 3} 
be a Banach space with the norm NuN--suptcto, ll ]u~"-z)(t)], and let 
C ==-~uEB: u("-z)(t)~>O is not identically zero on [0,1] and rnin u~n-~'(t)>~Mllull~. 
t J 
Then, C is a cone in B, O~u<'>(t)~HuN on [0,1] and u¢Z>(t)~Mllull/(22n-4(n- 2)!) on [1,3] for  
ull u E C and i = O, 1,2, . . . ,  n - 2. 
Lemma 2.C (Deirnling [19] and Krasnoselskii [25]). Let E be a Banach space, and let C C E be 
a cone in E. Assume that f21, f22 are open subsets o f  E with 0 E 01, f21 c 02, and let 
T" C N(O2\O l ) -~C 
be a completely continuous operator such that either 
(i) IITull~llull, u~Cna~,  and IITull>~llull, u~Cn~2;  or 
(ii) IITull/> Ilull, u C C n ~ and IITull ~ Ilull, u ~ Cna~2 
Then, T has a f ixed point in C N (Q: \~) .  
Lemma 2.D (Agarwal and Wong [4]). For any given L ~ 0 the boundary value problem 
(BVP*) 
(E*) 
(BC) 
v(n)(t) + L = 0 for  t ~ (0, 1 ) and n ~ 2, 
v(i)(0)=0, O<~i<~n- 3, 
~v~"-2~(0) -/3v~"-1~(0) = 0, 
?v~"-2)(1) + c5v¢"-1)(1) = 0 
lTas a nonnegative solution vt C C such that MHvLII ~vL(t) on [½, 3], O ~v~i)(t) ~ IIvLII on [0,1] and 
v~i)(t)>-MlivLH/(22n-4(n -2) ! )  on [½, 3] for  i=0,1,2, . . .  ,n -2.  In particular, for  L=0 we can take 
vt(t) = 0 on [0, 1]. 
l?heorem 2.1. Assume that there exist two distinct positive constants 11, 2 and a nonnegative con- 
~tant L such that 
f ( t ,  u l ,u2, . . . ,un_ l )+L>~O on F= [0,1] x [0, oo) n-l, (1) 
L' 
A(u l ,u2, . . . ,Un-1)= k(s ,s ) [ f (s ,  ul,u2 . . . . .  u,_ l )  + L]ds<~2 (2) 
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on F~, = [0, j~]n-l, and 
3/4 (~)  
., k ,s [ f ( s ,  u l ,u2 , . . . ,u , _ l )+L]ds>~r l  B(ul,u2,.. u,_l) = ]/2 
on 
(3) 
or 
Proof. Without loss of generality, we may assume that 2 < r/. It is clear that the (BVP) has a solution 
u = u(t)  if, and only if, w = u + VL is a solution of the operator equation 
fO w(t )  = K( t , s )h (s , (w  - vL) (s ) , (w - vL ) ' ( s ) , . . . , (w  - vL)("-2)(s))ds = Tw( t )  
~0 
1 
w~"-z)(t) = k( t , s )h (s , (w  - VL)(S),(W -- VL)'(S),.. .  , (W -- VL)(n-2)(s))ds = (Tw)(n-2)(t ) ,  
where 
h(t, u l ,u2, . . .  ,u , _ t )  = f ( t ,  p l ,p2 , . . .  , P , -1 )  + L 
and for all i = 1,2,..., n - 1, 
ui if ui>~O, 
P i=  0 if ui<O. 
It follows from the definition of M (see (C3)), and Lemma 2.A, that 
min (Tw)~n-2)(t)  
I 3 
= min k( t , s )h (s , (w  - v t ) ( s ) , (w  - vL ) ' ( s ) , . . . , (w  - vt ) ( " -2) (s ) )ds  
t~[½,~] 
>~M k(s , s )h (s , (w  - v r ) ( s ) , (w  - vL)'(s) . . . .  , (w  - VL)(n-2)(s))ds 
/o' >~M k( t , s )h (s , (w  - VL)(S),(W -- VL)'(S) . . . .  , (W -- VL)(n-2)(s))ds. 
/ [0, q] "-~ tf L>0 and q>0 is small ,  
n-2 /~f 
2)~ 
Then, (BVP) has at least one posit ive solution u such that [[u + vLII lies between 2 and rl, where 
VL is def ined in Lemma 2.D. 
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Hence, min ,~  (Tw)("-2)( t )>~Ml lTwU, which implies T(C)CC.  Furthermore, it is clear that tc[~,~] 
T:C-+ C is completely continuous. In order to complete the proof, we define 
c',,L 
( 
---I w E C: (w - VL)(n--2)(t)>/O is not identically zero on [0, 1] and 
min (w - Vc)~"-z}(t)>>-MUw - Vzll 
J 
(which contains VL( t )+ tn-2). We separate the rest of the proof into the following two 
steps: 
Step I: Let f2, = {wECvL:  ][w[[<2 }. It follows from (2), Lemmas 2.A and 2.B and the fact 
w - Vc E C that for w E c9f21, 
fo 
(Tw)(n-Z)(t)  = k ( t , s )h (s , (w  - VL)(S),(W -- VL)t(S) , . . . , (W -- VL)(n-2)(s))ds 
f0 
1 
k(s,s)h(s,(w - VL)(S),(W -- VC)'(S),...,(W -- VL)(n-2)(s))ds 
~ = Ilwll. 
Hence, 
IITwlt~llwll for w E 0f2,. 
Step II: Let 02 = {wE C~L: Ilwll <~}. It is clear that if L>0 and ~>211VLII/M>O, then 
(n--2).. ~ IIVLII. - 
O <~ V L t t ) -.~ ---~-- M <~ - -  - -  
II~LII W<"-2>(t) 
M Ilwll 
1 3 on [~, ~]. 
This implies 
(W--VL)(n--2)(t)~w(n--2)(t){ 1 Mllw[[llVLl[} ~W(n-2)(t)~ on [½, ~].3 
Thus, we have 
0 if L > 0 and r/> 0 is small enough, 
ilw_vLll~> [[wlf _ q if L>0 and t/>2Uv_ LI[ >0, 
2 2 M 
I lwll -- ~ if L = 0. 
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Furthermore, it follows from the definitions of Ilwll, cvL and Lemma 2.B that for i=0, 1,2, . . . ,n-2 
and w E 0f22, 
O~(w-v~)( i~( t )  ~ IIw-~,ll~llwll =n for tE[0,1], 
(w - vL)(o(t) >1 
Hence, by (3) 
Thus, 
Ilrwll >~llwll 
Mllw - vLll if L = 0) 
22--~4(n~-S~' (--22n-4-'~ m~-'~ 2)' 
~> Mn 
22n-3(n -- 2)! (if L>0 and q>~>0)  
3 ~>0 ( i fL>0 and r />0is small) fortE[½,~]. 
f3/4 ( 1 ) 
k vL ) (s ) , (w  vL)'(s),  . . , (w  vL) (" -2) (s ) )ds  >>" J ~/2 ~,s  h(s, (w  - - . - 
i> ~ = Ilwll. 
for w E 8f22. 
Hence, from the first part of Lemma 2.C, it follows that there exists a positive solution w(t) of 
T(w) = w satisfying ,~<llwll ~<~. Therefore, we obtain a positive solution u(t )= w( t ) -  vL(t) of 
(BVP) such that 2~< Ilu + vLII ~<n. 
Remark 2.2. Suppose that there exists a L >~ 0 such that 
f(t, ul,uz,...,Un_l)+L>/O on F 
and, let 
f ( t ,  ul, u2 . . . .  ,Un-l)+ L 
max fo = lim max 
UhU2, ...,U,,_ i---*O + tE[0,1] Un_l 
minfo = lim min f ( t ,  ubu2 .... ,Un-l) + L, 
ul,u2,...,u,,-I --*0+ tE[½,¼] Un--1 
f(t,  ul, U2, . . . ,  Un- I  ) @ L 
max f~ = lim max " 
ul,u2,...,u,,-i--~c~ t6[0,1] Un_ 1 
f ( t ,  Ul,U2,...,Un--l ) + L 
Un--I 
min f~ = lim min 
k(s,s)ds =D~ = 6~f l+37f l+eT+3e6 
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and 
k ds D2 = 16fl6 + 6fl~ + 3~7 + 8~6" \a  1/2 ~, s = 64p 
Then, we have the following: 
(AI) Suppose that max f0 = C1 E [0,D1). Taking e = D1 - C1 >0,  there exists a 21 >0 (21 can be 
chosen arbitrarily small) such that 
max f ( t 'u l 'u2 ' " "u" - l )+L<~e+Cl=D1 on [0,21] "-2 x(0,21].  
tC[0,1] Un_ l 
Hence, 
f(t ,  ul,u2,...,Un_l)+L<...DlUn_l<...D~21 on [0,1] x [0,21] n-l, 
i.e. the hypothesis (2) of Theorem 2.1 is satisfied. 
(A2) Suppose that rain f~  = C2 E (2D2/M, cxD], if L > 0 (rain f~  = C2 E (D2/M, ec], if L = 0). Taking 
e = C2 -D2/M>O, there exists a ql >2HVLH/M (r/1 can be chosen arbitrarily large) such that 
min f(t ,u, ,u2,. . . ,u,_l)  +L 2D2 [ Mill - ),-1 
- /~@C 2 - -  on ec . 
tel½,¼] u,-1 M [22"-3(n - 2)!'  / 
Hence, we have 
2D2 D2 
f(t,  I l l ,  U2 , . . .  , Un_ 1 ) @ L ~> ~-un- I />  ~-Mt]l = D2r/1 
on [½, 3] x F,,, i.e., the hypothesis (3) of  Theorem 2.1 is satisfied. 
(A3) Suppose that L = 0 and min fo = C3 E (D2/M, ec]. Taking e = C3 -D2/M >0,  there exists a 
Fl2 >0 (/]2 can be chosen arbitrarily small) such that 
min f(t ,  Ul,U2,...,Un-1) >/ 8_~_C3 D2 - = - -  on [0,  FI2] n -2  x (0 , /12 ]. 
13 M tc[~,~] Un- I  
Hence, we have 
f(t ,  ul,u2,...,Un_1)>>- ~U~--I >~ Mtl2 = D2t/2 
l 3 F,~, i.e., the hypothesis (3) of Theorem 2.1 is satisfied. on [~, ~] x 
(A4) Suppose that maxfo~ = C4E [0,D1). Taking ~----Dj -C4>0,  there exists a 0>0 (0 can be 
chosen arbitrarily large) such that 
f(t,  ul ,uz,. . . ,u,- l)  +L 
max ~<8+C4=DI  on [O, oo) n-1. 
tC[0,1] /An-- 1 
Hence, we have the following two cases: 
Case I: Assume that maxtc[0, q f(t,  Ul, u2,..., u,_l ) + L is bounded, say, 
f(t ,  ubu2,. . . ,U,_ l )+L<.O on [0 ,1 ]x [0 ,  oc) "-1. 
(4) 
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Taking )]-2 = OlD1 (since O can be chosen arbitrarily large, 4 2 can also be chosen arbitrarily large), 
f ( t ,u~,uz , . . . ,Un_ l )+L~O=D142 on [0,1]x[0,42] "- lC_[0,1]x[0,0o) n-l. 
Case II: Assume that maxtE[O,l] f ( t ,  u~, u2 .... , un-1) + L is unbounded, then there exists a )]-2 >/0 
(42 can be chosen arbitrarily large) and to E [0, 1] such that 
f ( t ,  ul ,u2,. . . ,un-1)+L<.f(to, 42 .... ,42)+L  on [0,1] x [0,42] n-l. 
It follows from )]-2 >~ 0 and (4) that 
f ( t ,  ul,u2,...,U,_l) +L<.f(to,42 . . . . .  )]-2) +L~D142 on [0, 1] x [0,42] "-l. 
By cases I and II, the hypothesis (2) of Theorem 2.1 is satisfied. 
Note. In order to show that f satisfies the hypothesis (3) (tI2>21IvLII/M) of Theorem 2.1, the 
condition L = 0 in (A3) is essential. 
By Remark 2.2, we have the following: 
Corollary 2.3. Suppose that f ( t ,  Ul,U2,...,Un-1) + L>~O on F, and let DI and D2 be as in 
Remark 2.2. Then, (BVP) has at least one positive solution provided 
(HI) max f0 = C1 c [0,D1) and minf~ = C2 E (2D2/M, oc], or 
(H2) L = 0, min f0 = C3 E (D2/M, oo] and max foo = C4 E [0,DI ), 
Corollary 2.4. Suppose that f(t, Ul,U2,...,Un_l)>/O (i.e., L=0)  on F, and let Dl and D2 be as in 
Remark 2.2. Then, (BVP) has at least two positive solutions u~ and u2 such that 
o< I[u, + vLl[ <4* < Ilu= + vLII 
if the following hypotheses hold 
(H3) min f:~ = C2, min fo = C3 E (Dz/M, co], 
(H4) there exists' a 4* >0 such that 
fo tk(s,s)f(s ,  ui,u2,.. . ,Un_l)ds~Dl4 * on [0,1]x [0,)]-*] . -1  
Proof. It follows from Remark 2.2 that there exist two numbers th and t/2, satisfying 
0<~2 <4g </'11, 
and 
f(t ,u,,uz,. . . ,u,_l)>-D2t h on [½,3]xF~, 
f ( t ,  Ul,U2 .... ,u,_,)>~D2t/2 on [½,~1 ×F~=. 
Hence, by Theorem 2.1, the (BVP) has two positive solutions ul and u2 such that 
,1=< Ilul +vLll<4* <lluz+v ll<  . [] 
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Corollary 2.5. Suppose that f(t ,  ul,uz,...,Un-1) + L>>.O on F, and let Dt and O2 be as in 
mark 2.2. Then, (BVP) has at least two positive solutions ul and u2 such that 
0< I[Ul + VLII </7* < Ilu= + VLI[ 
if the following hypotheses hold 
(H5) max f0 = C1, max f~ = Ca E [0, D1 ), 
(H6) there exists a q*>0 such that 
3/2 / 1 \ 
on G.. 
2 
Proof. It follows from Remark 2.2 that there exist two numbers 21 and 22, satisfying 
0<~,1 <17" <22, 
f(t ,  ul,u2,...,u,-1)+L<~D121 on [0,1]×[0,21]  "-1 
and 
f(t, ul,ua,...,Un_l)+L<~Dl)~2 on [0,1] × [0,22] n-l. 
Hence, by Theorem 2.1 the (BVP) has two positive solutions ut and u2 such that 
< Ilu, + v ll </7* < ILu  + v ll [] 
11 
Re- 
. 
Remark 3.A. 
max fo, 
for example, 
(1) f l(t,u) WL= 
max fo = 1, 
(2) f2(t, u) + L = 
max fo = 2, 
Remarks and examples 
For n = 2, there are many functions f (t ,  u) for which 
min fo, max f~,  min f~ q~ {0, e~} 
Ie"--I ] e"--I (i.e. L = 1), l~r -1  +L  = 1-g ~ 
min fo = 16 max f~ = min f~ = c¢. 
[(t + 1 ) sinh(u) - 2] + L = (t + 1 ) sinh(u) (i.e. L = 2), 
min f0 = 3, max f~ = min f~ = ~.  
(3) f3 ( t ,u )+L=[u+tZe-u -3]+L=u+f le -U  ( i .e .L=3) ,  
max fo = min fo =c¢, max f~ = min f~ = 1. 
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Therefore, our main result generalizes all the recent investigations about the existence of positive 
solutions of the (BVP). 
Example 3.B. For the problem 
(BVP.1) { u'(t)+t3us/2-tcOs(u)=O'u(O) = u(1) = 0, t E (0, 1), 
it is clear that f ( t ,u ) : t3u  5/2 - t  cos(u) is negative for some (t,u) E [0, 1] × [0,cx~), and f ( t ,u)+ 1 >10 
on [0, 1] × [0,cx~) (i.e., L = 1). A simple calculation shows the min f~ = ~,  and 
/o' A(u) = k(s,s)[s3u 5/2 - s cos(u) + 1] ds 
/o' ~< s(1 -- S)[S3U 5/2 -~- 2] ds 
: [(S 4 -- SS)U 5/2 + 2S -- 2S 2] ds 
: U5/2 {~ $61106 +2 { $22 $3/13 
~1~<1=2 on [0,2]=[0,1]. :  oUS/2 + ½ <. 
thus, from Theorem 2.1 and Remark 2.2(A2), it follows that (BVP.1) has a positive solution. 
Example 3.C. For the problem 
(BVP.2) ~ u'(t) + te 2°-u - 5t sin(u) = 0, t E (0, 1), 
( u(0) = u(1 ) ---- 0, 
it is clear that f(t,  u)=te 2°-u-5t sin(u) is negative for some (t, u) E [0, 1] × [0, c~), and f(t, u)+5/> 0
~n [0, 1] × [0, ~)  (i.e., L = 5). A simple calculation shows that max f~ = 0, and 
i3/4 
B(u) = a,/2 k (~,s )  [se2°-" - 5ssin(u) + 5]ds 
I3/4 ~(1 s)[se2O-U]ds >~ 
,./1/2 
1 /-3/4 
= 2 Jl/2 (s - s 2)e 2°-u ds 
? 
: ~e20_u { $2 $3) 3/4 
2 3 1/2 
: 3~4eZ°-U/>l : r /  on [0, t / ]=[0,1] .  
thus, from Theorem 2.1 and Remark 2.2(A4), it follows that (BVP.2) has a positive solution. 
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